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Abstract-Two functions arising in physical applications which are defined by complicated integral 
expressions are evaluated on a programmable hand calculator: The method is based on a quadrature rule 
using nodes in a geometric progression. This rule is particularly suitable for use on a hand calculator 
because the weights and nodes are easily generated during the calculations. 
INTRODUCTION 
The hand calculator has developed into an instrument which can be used for calculations of 
considerable complexity. Surveys of the use of such calculators are given by Smith[l] and by 
Killingbeck[2], but it is difficult to keep up with such a rapidly developing field. This note 
reports on the use of a HP 65 programmable calculator to evaluate two functions defined by 
formidable integral expressions. 
The Fermi function 
9k,9)=$2 I - y”2( 1 + y/E)“2( 1+ 2Y/E) dy 0 exp(y-7))+1 (1) 
arises in the theory of semi-conductors. Babb and Rattliff [3] published an extensive tabulation 
of this function. They claimed that their values obtained by using 32 and 64 point Gauss- 
Laguerre quadratures were good to 1 or 2 units in the fourth place. 
The function 
F(k) = g- rV(r) sin (kr) dr 
0 
(2) 
where 
and 
V(r) = l [exp (2c(l- r/r,))-2exp (~(1 -r/r,))] YI R (34 
V(r) = c6re6- car-’ r 2 R (3b) 
arises in the statistical mechanics of ‘He. While it can be evaluated in closed form[4], the 
expression covers about l/3 of a printed page and involves the complementary sine integral 
I 
x 
t-’ sin t dt. 
_ 
Smith and Thakkar[5] used F(k) as a test case for a computer method of evaluating infinite 
Fourier integrals which gave satisfactory results. 
*Department of Electrical Engineering. 
tDepartment of Aerospace Engineering. 
191 
192 H. W. HILL and W. SQUIRE 
PRESENTMETHOD 
The hand calculator evaluation is based on the quadrature rule 
I o-f(x) dx = In (r) z. x,df(xo#) = In . (4) 
This form is particularly suitable for use on a hand calculator because the weights and nodes, 
xO#, are easy to generate during the calculation. This is very important because a hand 
calculator does not have the capacity to store constants. The rule can be used in an iterative 
procedure in which the number of nodes is increased without wasting function evaluations. 
The basis of this iteration is the relation 
I -i 1. i In (r”‘) y * ij($ i). *n+, - 
j=O r 
Stenger[6] has obtained some very strong results on the convergence of the method. Squire [7- 
9] gives computer programs and numerical results for various examples. In particular he found 
the method gave good results for oscillatory integrands uch as (2), if the decay for large r 
was fast enough. 
It should be noted that quadrature rules of the form 
f(X) dx z x Wif(Xj) , 
are indeterminate by a scale factor because 
I 
m 
f(X)dX=S o 
I 
Omf(SX)dXzT SWd(Sxj). 
(6) 
(7) 
In equation (4) the parameter x0, the smallest value of x at which the integrand is evaluated 
serves as the scaling factor. Its value and that of r must be chosen so that the integrand is sampled 
over the entire range making a significant contribution to the integral. It is easier to select a value of 
x,, the largest value at which the integrand is to be evaluated, and compute r as (x,/x,,)“~. When the 
iterative modification is used the range is extended by a point at each end at each step. 
RESULTS 
Table 1 is a listing of g program for evaluating (2) on the HP 65. Because of the 
complexity of the integrand with its separate definitions for r < R and r > R it was not possible 
to incorporate the iteration in this program. The user specifies the smallest and largest nodes, 
the number of function evaluations and the constants in the integrand as well as k. The results 
were obtained for the same values of the constants: 
Q = 7.25 c = 6.2059 
r. = 2.948 ca = 6742 
R = 3.6 es = 26930 
used in[4,5]. Table 2(a) shows the results for k = 1, x0 = 0.0001, 0.001, 0.01, and x, = 5, 10, 20, 
40 using IO points, Table 2(b) the corresponding values using 25 points and Table 2(c) using 50 
points. Table 3 compares the values for a set of k’s with those given in[5]. The agreement is 
excellent. 
Table 4 is a listing of the program for evaluating the Fermi function. In this program the 
iterative procedure is used. It should be noted that when, say, 4 figures are specified, the final 
result is that obtained by using twice as many nodes as required to get 4 figure accuracy and 
therefore may be considerably better. Table 5 shows the results obtained for a set of E’S and 
7’s. A check against values calculated to 10 figures on a computer indicated that the results 
were generally good to 8 figures. 
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Table 1. HP-65 program for Fourier transform of morse-V,, potential 
(a) User instruction 
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Input output 
Step Instructions data/units Keys data/units 
1 Enter program 
2 Store r. 2.948 ST0 3 2.948 
3 Store C 6.2059 ST0 6 6.2059 
4 Store C, 26930 ST0 7 26930 
5 Enter lower integration limit r, r1 
6 Enter upper integration limit r. r. 
I Enter number of points in integration n 
8 Enter k k RTN R/S & 
(b) Program listing 
Key 
entry 
Code 
shown Comments 
Key 
entry 
Code 
shown Comments Registers 
ST0 1 
gRI 
ST0 8 
gR1 
gXz?Y 
ST0 4 
RdZ8 
;x 
+ 
ST0 2 
ST005 
RiD 
LBL 
1 
3 
6 
RCL4 
gx’Y 
GTO 
2 
2 
I 
RCL 4 
RCL 3 
-r 
RCL 6 
X 
f-’ 
LN 
- 
gist x 
X 
9 
2 
5 
X 
RCL 4 
f-’ 
X 
X 
GTO 
Store parameters of 
integration 
Compute spacing ratio 
Initialize register in 
which summation is stored 
Set radian mode 
Begin loop 
Recall r and compare 
with R to see which 
analytic expression for 
V(r) is to be used 
If r < R, continue, 
Otherwise branch to 
Label No. 2 
c 
3 
LBL 
2 
RCL 7 
RCL 4 
f-’ 
X 
-L 
6 
8 
4 
2 
RC+L4 
4 
;n 
i 
LBL 
3 
RCL I 
RCL 4 
X 
f 
sin 
X 
ST0 
- 
5 
RCL2 
RCL4 
X 
ST0 4 
I& 
GTO 
1 
RCL 5 
g 
x” 
4 
X 
RCL 2 
f 
LN 
X 
RCL 1 
i 
R+N 
End calculation of rV(r) 
forr<R 
Begin calculation of
rV(r) for r > R 
C6 R r,+r. 
Begin final computations 
of integrand 
Accumulate inregister 5
Compute next value of r 
R, k 
R2 S(ratio) 
R, r.(2.948) 
R, C,26930 
R, 
Labels 
A 
B 
C 
D 
E 
Decrement program counter 0 
If zero, begin exit sequence I
If not, branch to Label 1 2 
3 
4 
5 
6 
7 
8 
9 
Flags 
1 
2 
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Table 2. Evaluation of F(l). IO-' exact 
value 6.693278 
(a) 10 Points 
x,lti 0.0001 0.001 0.01 
5 6.53003 6.72618 6.69227 
10 6.87368 6.62312 6.6%34 
20 6.37353 6.78284 6.70302 
40 1.27424 6.53934 6.66247 
(b) 25 Points 
5 6.69277 6.69284 6.69288 
10 6.69320 6.69330 6.69322 
20 6.69329 6.69324 6.69324 
40 6.69329 6.69334 6.69320 
(c) 50 Points 
5 6.69299 6.69303 6.69300 
10 6.69326 6.69327 6.69319 
20 6.69328 6.69328 6.69320 
40 6.69327 6.69321 6.69321 
Table 3. Evaluation of F(k). IO-" 
k Reference [5] Present method 
0.1 7.395956 7.3959563 
0.5 7.220087 7.2200873 
1.0 6.693278 6.6932715 
2.0 5.026242 5.0262421 
3.0 3.33%981 3.339698 
4.0 2.102512 2.1025125 
5.0 1.311676 1.3116759 
(a) User instruction 
Table 4. HP-6S program for Fermi-Dirac integral 
Step Instructions 
Input 
data/units Keys 
output 
data/units 
1 Enter desired values of e, r) l 
_I ? i 
2 Enter initial number of points of intersection 1 .oo 
3 If different values of integration Yn ,o”le. SGO 3 
limits are desired, enter them. Otherwise Y “pwr ST0 4 
default values Y, = IO-’ and Y. = 20 + q 
will be used, if this step is skipped 
4 Initialize calculator R/S 0.00 
5 Enter Card NO. 2 RTN R/S 9(r, 11) 
(b) Program listing (card No. I) 
Key 
entry 
Code 
shown Comments Registers 
LBL 
C 
ST0 8 
gR1 
ST0 6 
gR J 
ST0 I 
EEX 
3 
CHS 
ST0 3 
RCL6 
2 
0 
ST+04 
I 
R/S 
RCL4 
RCL3 
ST0 4 
i 
Initialize R, e RCL 8 Compute spacing 
1 
Store integration para- 
meters R, r 
l/“X 
R, Y, 6X 
ST0 2 
RCL8 Initialize counter 
RX. I 
X, 
ST+07 
R,O 0 
f-’ 
SF1 
%n RTN 
Stop for (optional) 
over-ride of default R,n+l(m) 
integration limits 
R, n 
Set X-register to zero 
Set Flag 1 off 
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Table 4 (Contd) 
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(c) Program listing (cord No. 2) 
Key Code 
entry shown Comments 
Key 
entry 
Code 
shown Comments Registers 
0 
LBL 
0 
1 
RCL4 
RCL 1 
i 
Sk 
9 
g 1stx 
gXz?Y 
RCL4 
X 
gXSY 
RCL 
9 
3: 
RCL4 
RCL 6 
f-’ 
LN 
+ 
i 
RCL 4 
X 
R&2 
RCL 4 
X 
ST0 4 
gR1 
D”sZ 
CT0 
0 
RCL2 
f 
LN 
X 
g 
s 
2X) 
i 
00 
23 Calculate f( YJ) 
00 
01 
3404 
3401 
81 
61 
33 
09 
3500 
3507 
3404 
71 
31 
09 
3507 
34 
09 
61 
71 
3404 
3406 
51 
32 
07 
01 
61 
81 
3404 Multiply by YJ’ 
71 
61 Add to previous um 
3402 Increment Y
3404 
71 
3304 
3508 
35 Test to see if summation 
83 is complete: 
22 If not, return to LBLO. 
00 
3402 If so. multiply by In r 
31 and l/d/(a) 
07 
71 
35 
02 
31 
09 
81 
RCL 5 3405 
2 02 
i 81 
ST+08 3308 61 
RCL 5 3405 
51 
RCL 8 3408 
+ 81 
Ak 06 35
EEX 43 
4 04 
CHS 42 
gXSY 3524 
RCLE 3408 
RTN 24 
RCL 8 3408 
f-’ 32 
TFI + 
2 02 
STXOS 3305 71 
EEX 43 
2 02 
RCL 7 3407 
gxay 3524 
RCLS 3408 
R/S 84 
ST0 8 3308 
ST0 33 
+ 61 
7 07 
RCL3 3403 
RCL 2 3402 
f 31 
TFl t 
& ii 
ST0 2 3302 
&) 31 09
z ST0 3 3303 81 
ST0 4 3304 
f 31 
SF1 - 
gNOP 3501 
gNOP 3501 
gNOP 3501 
Add l/2 of previous value R, e 
Compare to previous value 
If no improvement i  
accuracy has been obtained, 
STOP 
Otherwise, test to see 
if the number of points 
to be evaluated exceeds 
100 
R, Y, 
R y,-, Y” 
R, 
R7 m 
%n 
% cl+ Y/e) 
If so, RUN/STOP 
If not, recalculate 
n=nl 
m=ntm 
r=r 
and begin integration 
again 
Lab& 
A 
B 
C 
D 
E 
0 Integration 
1 
2 
3 
4 
5 
6 
7 
8 
9 
Flags 
1 Off for 
1st Integration 
2 
Table 5. Evaluation of 4F(e, r)) 
de 100 10 1 0.1 0.01 
-5 6.9765(- 3) 9.4527(- 3) 4.7265(- 2) 1.0095(O) 3.0538(l) 
0 7.9797(- 2) 1.1188(O) 6.1043(O) 1.3461(2) 4.0877(3) 
5 9.6409(O) 1.7830(l) 1.6446(2) 4.2498(3) 1.3150(5) 
10 2.7973(l) 7.0812(l) 9.4582(2) 2.6506(4) 8.2766(5) 
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CONCLUSIONS 
The quadrature rule expressed in eqn (4) makes it possible to evaluate difficult infinite 
integrals on a programmable hand calculator. 
It should be noted, however, that the method only works for integrands which decay rapidly 
as the argument becomes large. For example, while the incomplete sine integral could be 
written as an infinite integral by a change in variable to give 
f(x) = -l sin;;; ‘) dt
the procedure would not work in this case where the integral is only conditionally convergent. 
Also, as noted in@], the evaluation of 
was only good to 5 figures even though carried out with 11 figures because of the slow decay of 
the integrand. 
The calculations are not fast on a hand calculator. It took a minute or more for a single point 
in some cases. However, as the use of calculators for such work becomes more widespread 
there will no doubt be significant improvements both in their speed of operation and their 
programming capabilities. 
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